J. of Mult.-Valued Logic & Soft Computing, Vol. 44, pp. 291-302 ©2025 Old City Publishing, Inc.
Reprints available directly from the publisher Published by license under the OCP Science imprint,
Photocopying permitted by license only a member of the Old City Publishing Group.

A Classical and a Fuzzy Approach to Study the
(m, n)-antiideals of a Semigroup

MADELEINE AL TAHAN! AND IRINA CRISTEA?

1Department of Mathematics and Statistics,
Abu Dhabi University, United Arab Emirates
E-mail: altahan.madeleine@gmail.com
2Centre for Information Technologies and Applied Mathematics,
University of Nova Gorica, Slovenia,
E-mail: irina.cristea@ung.si

Accepted: November 25, 2024.

The aim of this paper is to characterize a semigroup through its left
(right) (m, n)-antiideals. To achieve this, we extend the concept of left
(right) antiideals to left (right) (m, n)-antiideals of a semigroup. We pro-
vide examples to illustrate these generalized antiideals and investigate
their key properties. Additionally, we explore the fuzzification of this
new concept from a theoretical perspective, establishing a relationship
between the left (right) (m, n)-antiideals of a semigroup and their fuzzy
counterparts.
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1 INTRODUCTION

Semigroups serve as a fundamental algebraic tool in the analysis of regular
languages and finite automata. As abstractions of many real-life situations,
the study of semigroup theory has gained significant importance. Like other
abstract structures, semigroups are investigated through their subsets, includ-
ing ideals, filters, mutants, antiideals and their generalizations [2, 3,7, 8, 10],
[11]- [14], [18]. When analyzing the properties and behaviour of a semigroup,
dealing with the entire structure can be complex and challenging. Thus,
focusing on specific substructures or subsets, such as ideals, filters, or anti-
ideals, allows for a more manageable and targeted mathematical study of the
semigroup. This approach simplifies the analysis and helps in understanding
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the overall structure and properties of the semigroup. The substructures of
the semigroup have been defined in order to better model different processes,
aspects of the real life. For example, the mutation process, known in biology
as a permanent alteration of a genetic property, was algebraically described
by Mullin [15] by the help of the mutant notion, that has some kind of mutu-
ally exclusive relation with the idempotents (recall that an element a of a
semigroup (S, -) is called idempotent ifa - a = a). A non-empty subset A of a
semigroup S is called a mutant, if A> ¢ S\ A. In other words, combining two
elements of a set leads to a new element that does not satisfy the properties
of the initial set, so it belongs to the complement S\ A. It is clear then that
a mutant cannot contain idempotents. S. Lajos was the first one who general-
ized ideals in semigroups, by defining the (m, n)-ideals of a semigroup. Start-
ing from the definition of a left ideal, known as a non-empty subset A of a
semigroup S satisfying S - A C A, he called a non-empty subset A of a semi-
group S to be (m, 0)-ideal if A™ - S C A, for some natural number m. Simi-
larly, Aisa (0, n)-ideal of Sif S- A" C A, forsomen € Nand Ais called an
(m, n)-ideal of a semigroup S if A™ .S . A" C A, for some natural numbers
m and n. Another (m, n)-substructure of a semigroup is the one of (m, n)-
mutant [7]. It generalizes the notion of the mutant of a semigroup. A non-
empty subset A is an (m, n)-mutant of a semigroup S if A™ c S\ A". Inter-
esting properties and characterizations of semigroups have been obtained by
using the so called “anti”-substructures, in particular those of antimutant
and antiideal. But their generalizations to the (m, n)-case are not similar.
Immediately after the introduction of the concept of (m, n)-ideal, Iseki [8]
defined (m, n)-antiideals in semigroups. Thus, a non-empty subset A of
a semigroup S is a left (m, n)-antiideal of S if S- A" N A" = @ (equiva-
lently, S- A™ < S\ A");itisaright (m, n)-antiideal of Sif A" - SN A" =9
(equivalently, A™ .S c S\ A"), while it is called an (m, n)-antiideal if it is
a left and a right (m, n)-antiideal of S. Only 20 years after the introduction
of the concept of (m, n)-mutant, Dudek [6] defined the (m, n)-antimutants in
a very intuitive way. Indeed, by an (m, n)-antimutant A of a semigroup S he
meant a non-empty subset A of S such that S\ A™ c A". More recently, the
theory of (m, n)-ideals has been applied also to other algebraic structures, as
for example ordered semigroups [4], LA-semigroups [1] or ordered semihy-
perrings [16].

However, in many cases, these subsets involve some degrees of vague-
ness or uncertainty. By grading the substructures, so by introducing the fuzzy
ideals, fuzzy mutants, of fuzzy antiideals, the real process can be better alge-
braically described. Unlike classical sets, where an element either belongs
or does not belong to a set, fuzzy sets allow for degrees of membership,
reflecting the ambiguity inherent in many real-world situations. Fuzzy alge-
braic structures, introduced by Rosenfeld [17], extend classical algebraic
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structures to accommaodate uncertainty and imprecision. Since then, they have
found applications in diverse fields, including control systems, artificial intel-
ligence, and decision-making, revolutionizing our ability to handle ambiguity
and approximate solutions in complex systems. Research on fuzzy algebraic
structures continues to evolve, enhancing their adaptability to tackle increas-
ingly intricate real-world problems. Related work can be found in [3,5,17].

In [18], Schwarz introduced the concept of antiideals of a semigroup,
which was further studied by Iseki [7, 8]. Inspired by recent work and the
concept of left (right) (m, n)-antiideal of a semigroup [8], this paper further
explores the left (right) (m, n)-antiideal of a semigroup and its fuzzification.
The remainder of this paper is organized as follows. Section 2 presents sig-
nificant examples of left (right) (m, n)-antiideals of a semigroup and related
results. Section 3 introduces the fuzzy left (right) (m, n)-antiideal of a semi-
group, illustrates it through examples, and examines its key properties. Fur-
thermore, a relationship between the left (right) (m, n)-antiideal of a semi-
group S and the fuzzy left (right) (m, n)-antiideal of S is established using
the t-level sets.

2 LEFT(RIGHT) (m, n)-ANTIIDEAL S OF A SEMIGROUP

This section is dedicated to the classical study of the left(right) (m, n)-
antiideals of a semigroup, defined for the first time in [8]. After reviewing
their definition and basic properties, supported by several examples, we prove
that (m, n)-antiideals don’t exist in a group, while an (m, n)-antiideal of a
semigroup is never a subsemigroup. Besides, properties related to intersec-
tion, union and cartesian product of (m, n)-antiideals are discussed.

Semigroups are abstract algebraic structures that play a fundamental role
in various mathematical and technical disciplines. They consist of a non-
empty set S endowed with an associative binary operation, usually denoted
by “.”. (If there is no confusion, the operation is omitted). For example, the
set of all two by two matrices with real entries under the usual multiplica-
tion of matrices is a semigroup and similarly, the set of non-negative rational
numbers under the standard addition forms a semigroup, too. A monoid is a
semigroup with an identity.

Definition 2.1 [8]. Let (S, -) be a semigroup and A a non-empty subset of S.
Then

1. Aiscalled a left antiideal of Sif S- AN A=¢.
2. Aisacalled right antiideal of Sif A-SNA=0.
3. Aisan antiideal of S if it is both a left and a right antiideal of S.
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For a better understanding of this notion, we present an example of an
antiideal from a real-life perspective.

Example 1. Let S be the semigroup of all words (not necessary having a
sense) under the binary operation “word concatenation™, denoted by “.”. It
is clear that the operation is binary closed and associative.

Consider the subset A = {x € S| x starts with “un" and contains only
one “un"}. For example, the word understanding belongs to the subset A,
while the word ununi f orm does not. Then A is a left antiideal of S, as every
element in S - A is either containing more than one ““un” or does not start
with the letters “un”, so the intersection between S - A and A is empty.

Example 2. Let (P,, -) be the semigroup of all positive integers greater than
1 under the standard multiplication of integers and, for every i € P,, consider
the singletons M; = {i}. Then, for every i € P,, each set M; is an antiideal
of P,. This is clear because

(M; - P2) N M; = {2i, 30, 4i, ...} N {i} = .

Definition 2.2. [8] Let (S, -) be a semigroup, m, n two positive integers, and
A a non-empty subset of S. Then

1. Aiscalled a left (m, n)-antiideal of Sif S- A" N A" = @.

Ais called a right (m, n)-antiideal of S if A" . SN A" = @.

3. Aiscalled an (m, n)-antiideal of S if it is both a left and a right (m, n)-
antiideal of S.

N

Clearly, one notice that any (1, 1)-antiideal is an antiideal.
In the following example we will notice that (m, n)-antiideals are not just
abstract mathematical structures, but they appear also in our real life.

Example 3. Awoman adopted two cats; one has different eyes color and the
other one has eyes of the same color. The result of meeting these two cats with
two other cats of similar situation led to giving birth to cats with the same
properties. By presenting different eye color by “d”” and same eye color by
“n”, the example is illustrated in Table 1.

One can easily see that {d} is an (m, n)-antiideal of C for all positive
integers m, n.

Exampled4. Let S denote the set of all possible Lego structures (formed with
one block or more blocks) and ““x” be the operation translating the Lego com-
bination. One can easily see that (S, x) is a semigroup, because by combining

two Lego structures, one creates a valid Lego structure, while for any three
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® d n

d n n

n n n
TABLE 1

The semigroup (C, ®)

Lego structures, called A, B, and C for simplicity, combining first the Lego
structures A and B, and then combining the result with the Lego structure C,
is equivalent to combining the Lego structure A with the result of the combi-
nation between the Lego structures B and C. This means that the operation
“x”” is associative.

Let | be the set of all Lego structures containing only one block. Then I is
an antiideal of S. Moreover, one notices that J, the set of all lego structures

containing one or two blocks, is a (2, 1)-antiideal of S.

Example 5. Let S be a non-singleton set with 0 € S and (S, -) be the semi-
group defined by x - y =0, for all x, y € S. Then every non-empty subset of
S not containing 0 is an (m, n)-antiideal of S, for all positive integers m, n.

Proposition 2.3. [8] Let (S, -) be a semigroup, m, n two positive integers,
and A a left (right) (m, n)-antiideal of S. Then m > n.

This implies that there are no left (right) (m, n)-antiideals in any semi-
group such that m < n.

Proposition 2.4. [8] Let (S, -) be a semigroup and m a positive integer. If S
has a left (right) identity, then S doesn’t have left (right) (m, m)-antiideals.

Remark 1. The same statement is not valid for m > n, as one can see in the
following example.

Example 6. Let Py be the semigroup of all non-negative integers under the
standard addition of integers. Then {1} is a (2, 1)-antiideal of Py, because
(U + {1} +P)N{1)=(2.3,..)n {1} =4.

Remark 2. A left (right) (m, n)-antiideal of a semigroup S is not necessary a
left (right) antiideal of S. Furthermore, it is not necessary to be a left (right)
(m, m)-antiideal, as one can see in the following example.

Example 7. Let M3(Pp) be the semigroup of all three by three matrices
with non-negative real entries under the usual multiplication of matrices
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c c c c c
d a a a a
TABLE 2

The semigroup (S, *)

3 00
0 0O
0 0O
(m, m)-antiideal of M3(Py), for any m > 1. It is easy to see that A is a right

(3, 2)-antiideal of M3(Py), because

30 0° /abc 3 0 0\°
00o0]-[de f|tnllo o -
000 g h i 00

27a 27b 27c 9 0 0

0 0 0 ni{fo o o|!=0y
0 0 0 000

since b, ¢ # 0.

and A = . Proposition 2.4 asserts that A is not a left (right)

(=]

Remark 3. A left (right) antiideal of a semigroup S is not always a
left (right) (m, n)-antiideal of S, for any positive integers m, n, as showing in
the following example.

Example 8. Let (S, ) be the semigroup defined by Table 2. One can easily
check that {d} is a right antiideal of S, because {d} * SN {d} ={a} N {d} =
. Moreover, {d} is not a right (2, 2)-antiideal of S, since {d}? x SN {d}?> =
{ajn{a} ={a} # 0.

Proposition 2.5. A group does not possess left (right) (m, n)-antiideals, for
any positive integers m, n.

Proof. Let A be a left (m, n)-antiideal of an arbitrary group (G, -), for some
positive integers m, n. Take an arbitrary elementa € A. Then A™ .G N A" =
@. Since G is a group, it follows that the equation a™ - g = a" is solvable in G
and that a"~™ e G is a solution. The latter implies thata" € A™ - G N A" #£
@, which is a contradiction. O



A CLASSICAL AND A FuzzY APPROACH 297

Proposition 2.6. A left (right) (m, n)-antiideal of a semigroup (S, -) is not a
subsemigroup of S.

Proof. Let A # @ be a left (m, n)-antiideal of S. According with Proposi-
tion 2.3, we have m > n. If we suppose by absurd that A is a subsemi-
group of S, this implies that A™*1, A™ € Aand hence, A"*! € A", The latter
implies that AM+t = AM+1 N A" C S. A" N A" s0S- A™ N A" = ¢, which
is a contradiction. 0

Proposition 2.7. Let (S, -) be a semigroup and A, B non-empty subsets of S.
If A or B is a left (right) (m, n)-antiideal of S, then AN B is a left (right)
(m, n)-antiideal of S.

Proof. The proof is straightforward. O

Remark 4. The union of left (right) (m, n)-antiideals of a semigroup S is not
necessary a left (right) (m, n)-antiideal of S, as illustrated in Example 9.

Example 9. Let M3(Pp) be the semigroup defined in Example 7 and A; =

2 00 4 0 0
0 0 0];, A= 0 0 O] ¢.Onecaneasily see that A, A, are
0 0O 0 0O

both right (2, 1)-antiideals of M3(Pg). Since

2 0 0\(2 0o 0o\(1 0 O 4 0 0
0 0 0o]]lo o ol]lo o o]l=]0 0 o0 e(A1UA) Ms(Po)N (AU A),
o o of/\o o o/lo o0 o 0 0 0

it follows that A; U A, is not a right (2, 1)-antiideal of M3(Py).

Theorem 2.8. Let S;, S, be two semigroups, m, n two positive integers, and
A; a non-empty subset of S;, while A; is a non-empty subset of S,. If A; isa
left (right) (m, n)-antiideal of S; or A; is a left (right) (m, n)-antiideal of S,,
then A; x A; is a left (right) (m, n)-antiideal of the direct product S; x S;.

Proof. The proof is straightforward. O

3 FUZZY LEFT(RIGHT) (m, n)-ANTIIDEALS OF A SEMIGROUP

The aim of this section is to extend to the fuzzy case the concept of (m, n)-
antiiideal of a semigroup and study its main properties. More precisely, we
define fuzzy left (right) (m, n)-antiideals of a semigroup.

First we will recall some basics elements on the theory of fuzzy sets and
fix the notation.
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Let X be a universal set and | the real closed interval [0, 1]. A fuzzy
subset A of X is given as an object A = {(X, ua(X)) | X € X}, where pa :
X — | and ua(x) denotes the membership degree of the element x in X.
For simplicity, the fuzzy subset A of X will be identified by its membership
degree . Besides, the t-level set of a fuzzy subset @ of X is the crisp set
ur = {x € X | u(x) >t}, witht > 0. For two fuzzy subsets 1, u, of X, a
new fuzzy subset w1 A w; is defined as follows:

(k1 A p2)(X) = pa(X) A pa(x), - forallx e X.

Definition 3.1. Let (S, -) be a semigroup and u : S — [0, 1] be a non-zero
fuzzy subset of S. Then

1. wiscalled a fuzzy left antiideal of S if u(r -a) Au(@) =0forallr,a e
S.

2. piscalled afuzzy right antiideal of Sif u(a-r) A u(@) = Oforallr,a e
S.

3. s called a fuzzy antiideal of S if u is a fuzzy left antiideal of S and a
fuzzy right antiideal of S.

Definition 3.2. [5] Let (S, -) be a semigroup, n > 2 a positive integer, and u
a fuzzy subset of S. Then we define

u'@ = sup (X)) A...Au(Xn), forxgy,...,x, €S.

X1+ Xn=2Z

Definition 3.3. Let (S, -) be a semigroup, m, n two positive integers, and
wu: S — [0, 1] be a non-zero fuzzy subset of S. Then

1. piscalled afuzzy left (m, n)-antiideal of S if u"(r - X1 - - - Xm) A (X1) A

oo Au(Xm) =0, forallr,xq,...,Xm €°S;
2. p is called a fuzzy right (m, n)-antiideal of S if u"(Xy- - Xm-T) A
wX) A oA pu(Xm) =0, forallr, Xg, ..., Xn €°S;

3. w is called a fuzzy (m, n)-antiideal of S if u is a fuzzy left and right
(m, n)-antiideal of S.

Proposition 3.4. Let (S, -) be a semigroup and w1, u2 two non-zero fuzzy
subsets of S. If uy or uy is a fuzzy left (right) (m, n)-antiideal of S, then so

M1 A o 1.

Proof. The proof is straightforward. O
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The next result states that the same relationship between m and n exists,
as in the classical case, for an (m, n)-antiideal of a semigroup.

Proposition 3.5. Let (S, -) be a semigroup, m, n two positive integers, and u
be a fuzzy left (right) (m, n)-antiideal of S. Then m > n.

Proof.

Suppose that m < n. Then there exists an integer k > 1 such that n =
m + k. Since p is a non-zero fuzzy subset of S, it follows that there
exists x € S, with u(x) # 0. Being w a fuzzy left (m, n)-antiideal of S, it
follows that ™ (xk - x™) A u(x) = 0, where w(x) # 0. This implies that
wmHK(xK . x™) = 0. Since pu™K(xk . x™) > u(x), it follows that u(x) <O,
that is a contradiction. 0

Example 10. Let M3(Pp) be the semigroup defined in Example 7 and define
the fuzzy subset 1 of M3(Py) as follows:

3 00
0.7, ifB=]0 0 0]};
0 0O
u(B) = 2 00
06, ifB=]0 0 0);
0 0O
0 otherwise.

Then w is a fuzzy right (3, 2)-antiideal of M3(Po), but it is not a fuzzy right
antiideal of M3(Py). This is clear because

3 00 1 00 300
w0 O O0]-{0 O O} A||O O O =0.7#0.
0 0O 0 0O 0 0O

Theorem 3.6. Let (S, -) be a semigroup, m, n two positive integers, and A
a non-empty subset of S. Then A is a left (right) (m, n)-antiideal of S if
and only if wa is a fuzzy left (right) (m, n)-antiideal of S, where pa(x) =

1, ifxeA;
{0, otherwise.
Proof. We prove the statement for the left case, similarly it holds for the
right one. Let A be a left (m, n)-antiideal of S and Xy, ..., Xy, I arbitrary
elements in S. If x; ¢ A for some i € {1,...,m}, then pl(r - Xy« Xm) A
ua(X1)) A ..o A pua(Xm) = 0. Otherwise, if xj € A for all ie€{1,...,m},

then r - X1 --- Xy ¢ A" because S- A™ N A" is an empty set. Hence, there
exist no zy,...,zp € A With r - Xy ---Xn = 23 ---2,. The latter equality
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implies that p,(r - X1 - - - Xm) = 0. Therefore, i (r - X1 -+ Xm) A a(X1) A
oA ual(Xm) =0.

Conversely, let wa be a fuzzy left (m, n)-antiideal of S and « be an arbi-
trary element in S- A™ N A". Then there exist y1,...,Ym,a1,...,8, € A
andr € Ssuchthatae =r - y1---ym = ag--- an. Having pa(ai) = na(yj) =
1foralliefl,....n},je{l,...,m}, it follows that p\(r-yi---ym) A
ualyr) A ... A ua(ym) = 1 # 0 and the proof is now complete. O

Theorem 3.7. Let (S, -) be a semigroup, m, n two positive integers, and p
a fuzzy subset of S. Then w is a fuzzy left (right) (m, n)-antiideal of S if and
only if each t-level set u; # @ is a left (right) (m, n)-antiideal of S.

Proof. Let ui # @ be a left (m, n)-antiideal of S, xi,..., Xy, r arbitrary
elements in S satisfying the condition u"(r-X;...Xm) A (X)) A... A
w(Xm) =t > 0. Then each xj € ut # ¥ and hence, r - Xy ---Xm € R -y
Since

wh(r Xy Xp) = sup w@Z)A.oAu(zn) >,
21 Zn=F-X1-Xm

it follows that there exist yi,...,¥yn €S such that r-X;-- Xy =
Y1+ Yo and w(y) A ... A u(yn) > t. The latter implies that r - X3 - - - Xy =
Yi---Yn € uf andhence,r - Xg- - Xm =Y1---Yn€uf NS -yl =0.
Conversely, let u be a fuzzy left (m, n)-antiideal of S and « an arbitrary
element in S - u" N . Then there exist X1, ..., Xm, 21, ..., Zn € Ui, ¥ €S
suchthat @ =r - Xy -+ -Xm = Z1 - - - Zy. This implies that u"(r - Xy - - - Xp) >
w@Z)A...Au(zy) =t and hence, u"(r - Xy puw(Xm)) A (X)) AL A
u(xn) >t # 0. Similarly, one proves the statement for (fuzzy) right (m, n)-
antiideals. O

Theorem 3.8. Let (S,-) be a semigroup. Then every left (right) (m, n)-
antiideal of S is a t-level set of a fuzzy left (right) (m, n)-antiideal of S.

Proof. Let A be a left (m, n)-antiideal of S and define the fuzzy subset 1 on
S as follows:

(x) = 0.65, ifxeA;
X = 0, otherwise.

One can easily see that u is a fuzzy left (m, n)-antiideal of S and that A =
140.65- U

Remark 5. A left (right) (m, n)-antiideal of a semigroup S could be con-
sidered as a level set of different fuzzy left (right) (m, n)-antiideals of S, as
clearly illustrated in Example 11.
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Example 11. We continue with Example 2. Let {2} be the (2, 1)-antiideal of
P, and w1, u, be two fuzzy subsets of P, described as follows:

. 0.8, ifx=2;
0.9, ifx=2; _ T A
max) = {O, otherwise, 2nd #2(X) = 8’7’ gt;](e:w?ée

One can easily see that 11, u, are two different fuzzy (2, 1)-antiideals of P,
and {2} = (11)og = (n2)os-

4 CONCLUSIONS

This paper has dealt with left (right) (m, n)-antiideals of a semigroup and
their fuzzification from a theoretical approach. Examples and fundamental
properties of left (right) (m, n)-antiideals of a semigroup were presented.
Besides, through the level sets, a relationship between these concepts and
their fuzzy counterparts was established. The interplay between classical
and fuzzy algebraic structures opens doors for further research, offering
insights into more complex algebraic systems and their real-world applica-
tions. In particular, the relationship between (fuzzy) (m, n)-antiideals and
(fuzzy) (m, n)-antimutants deserves to be further more investigated.
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